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1. Introduction 
 

Mathematical models based on stochastic processes and probabilistic 

methods have found numerous applications in engineering, economics and 

industrial optimization. In particular, mathematical models for optimal resource 

allocation and optimal distribution problems have been investigated in [1,3], while 

probabilistic methods related to distributional properties have been studied in [2]. 

These applications demonstrate the importance of developing new limit theorems 

for stochastic models such as the Markov random walk considered in the present 

paper. 

We consider the first-order autoregressive process AR(1) in the form 

 

                                   𝑋𝑛 −𝑚 = 𝛽(𝑋𝑛−1 −𝑚) + 𝜉𝑛,        𝑛 ≥ 1 ,               (1) 

 

where  𝑚,𝛽 ∈ (−∞,∞) are fixed constants and 𝜉𝑛, 𝑛 ≥ 1 is a sequence of 

independent and identically distributed random variables (innovation) defined on 

the probability space (𝛺, ℱ, 𝑃). 
Note that the process AR(1) of the form (1) is considered in the works 

[6,10,16] where are studied tests of statistical hypothesis for unknown parameters 

𝑚 and 𝛽. 

Let 

𝐿𝑛 =∑𝑋𝑘

𝑛

𝑘=0

,       𝑛 ≥ 1 
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𝐿𝑛, 𝑛 ≥ 1  is  Markov random walk, described by sums of values of the 

process AR(1) in (1). The definition of a Markov random walk in general case is 

given in the work [7-9,13,19]. 

 The Markov random walk of the form 𝐿𝑛 = ∑ 𝑋𝑘
𝑛
𝑘=0 , 𝑛 ≥ 1 is 

generalization of the ordinary random walk, described by sums of independent and 

identically distributed random walk. In the case 𝛽 = 0 we have for 𝑛 ≥ 1  

𝐿𝑛 =∑𝜂𝑘 = 𝑆𝑛

𝑛

𝑘=1

, 𝜂𝑘 = 𝑚 + 𝜉𝑘 , 

where 𝑆𝑛, 𝑛 ≥ 1 – ordinary random walk. 

Boundary problems for ordinary random walks where studied in works 

[5,17]. 

We consider the family of  first passage time  

                                    

𝜏𝑎 = inf{𝑛 ≥ 1: 𝐿𝑛 > 𝑎√𝑛} , 𝑎 > 0                                                                           (2) 

 

In the case 𝛽 = 0  (𝐿𝑛 = 𝑆𝑛)  there exist many results concerning the family 

of first passage times (2). The limit theorems (central limit theorem, law of large 

numbers, and strong law of large numbers) for the family of stopping times (2) in 

the case 𝛽 = 0   were studied in [3,14,17,18]. 

In present paper we prove the strong law of large numbers for the family 
{𝜏𝑎   , 𝑎 ≥ 0} defined in (2) for  |𝛽| < 1. 

Similar, problems where studied in works [11,12] for linear boundary. 

 

2. Formulation and proof of the main result 

 

We assume that 𝐸𝜉1 = 0,   0 < 𝐸𝜉1
2 = 𝜎2 < ∞   𝐸|𝑋0 −𝑚|

2 < ∞, |𝛽| < 1 

and initial value of process AR(1) 𝑋0 does not  depend on the innovation {𝜉𝑛}. 
Under these conditions is well known process AR(1) is stationary and 

𝐸|𝑋𝑛 −𝑚|
2 →

𝜎2

1−𝛽2
  𝑎𝑠 𝑛 → ∞  [10,14,15]. 

The following theorem is called the strong law of large numbers for the 

family of first passage times 𝜏𝑎 defined in (2).  

Theorem. Let  |𝛽| < 1, 𝐸𝜉1 = 0, 𝐷𝜉1 = 𝜎
2 < ∞,𝐸|𝑋0 −𝑚|

2 < ∞ and 

 
𝐿𝑛

𝑛

𝑎.𝑠
→ 𝑚 > 0      𝑎𝑠 𝑛 → ∞                                                                             (3) 

 

Then  
𝜏𝑎
𝑁𝑎

𝑎.𝑠
→ 
1

𝑚
      𝑎𝑠 𝑎 → ∞ 

where  𝑁𝑎 = (
𝑎

𝑚
)
2
 

 

The proof follows from condition (3) 
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𝑃(sup
𝑛

𝐿𝑛

√𝑛
= ∞) = 1                                                            (4) 

Hence, by the definition of the first passage time 𝜏𝑎 in (2) we obtain 

𝑃(𝜏𝑎 < ∞) = 𝑃 (𝑠𝑢𝑝
𝑛

𝐿𝑛

√𝑛
> 𝑎) = 1    for all 𝑎 ≥ 0 

By the definition of 𝜏𝑎 we have for  𝑛 ≥ 0 

𝑃(𝜏𝑎 > 𝑛) = 𝑃 (𝑚𝑎𝑥
0≤𝑘≤𝑛

𝐿𝑛

√𝑛
≤ 𝑎)                                            (5) 

Letting 𝑎 → ∞ in (5) we obtain 

𝜏𝑎
𝑃
→∞      𝑎𝑠 𝑎 → ∞                                                                  (6)      

Taking into account that the first passage time  𝜏𝑎 in (2) is an increasing 

function of , it follows from (6) that 

𝜏𝑎
𝑎.𝑠
→ ∞      𝑎𝑠 𝑎 → ∞                                                            (7) 

To prove that 
𝐿𝜏𝑎
𝜏𝑎

𝑎.𝑠
→ 𝑚   𝑎𝑠  𝑎 → ∞                                                           (8) 

Let 

  𝐴 = {𝜔:
𝐿𝑛

𝑛
→ 𝑚,   𝑛 → ∞  },     

  𝐵 = {𝜔: 𝜏𝑎 → ∞, 𝑎 → ∞  }, 
and                                         

              𝐶 = {𝜔:
𝐿𝜏𝑎
𝜏𝑎
→ 𝑚,   𝑎 → ∞  } 

By condition (3) 𝑃(𝐴) = 1 and by (7) 𝑃(𝐵) = 1.Clearly 𝐴 ∩ 𝐵 ⊂ 𝐶 and 

𝑃(𝐴 ∩ 𝐵) = 1 hence, 𝑃(𝐶) = 1. 

Thus, (8) holds. 

Next, by the definition of the first passage time 𝜏𝑎 in (2) we have 

              
𝐿𝜏𝑎−1

𝜏𝑎
≤
𝑎√𝜏𝑎

𝜏𝑎
<
𝐿𝜏𝑎
𝜏𝑎

 

or 

𝜏𝑎
𝐿𝜏𝑎−1

≤
√𝜏𝑎

𝑎
<
𝜏𝑎
𝐿𝜏𝑎
                                                        (9) 

Using (7) , (8) and (9) we complete the proof of the theorem. 

Remark. Note that under these conditions |𝛽| < 1   𝐸|𝑋0 −𝑚|
2 < ∞,

𝐸𝜉1 = 0, 𝐷𝜉1 = 𝜎
2 < ∞   hold 

1

𝑛
∑𝑋𝑘

𝑛

𝑘=0

𝑃
→𝑚                                                               (10) 

 

as can be to seen from (1) 

∑(𝑋𝑘

𝑛

𝑘=1

−𝑚) = 𝛽∑(𝑋𝑘−1

𝑛

𝑘=1

−𝑚) +∑𝜉𝑘

𝑛

𝑘=1
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or 

     
(1 − 𝛽)

𝑛
∑(𝑋𝑘

𝑛

𝑘=1

−𝑚) =
𝑋0 − 𝑋𝑛
𝑛

+ 
1

𝑛
∑𝜉𝑘

𝑛

𝑘=1

                                    (11) 

By the strong law of large numbers for the random variables 𝜉𝑛 we have 

1

𝑛
∑ 𝜉𝑘

𝑛

𝑘=1

𝑎.𝑠
→ 0        𝑎𝑠 𝑛 → ∞                                                        (12) 

clearly 
𝑋0
𝑛

𝑎.𝑠
→ 0        𝑎𝑠 𝑛 → ∞                                                       (13) 

to prove  
𝑋𝑛
𝑛

𝑃
→0        𝑎𝑠 𝑛 → ∞                                                                

from (1), by iteration, we obtain  

𝑋𝑛 −𝑚 = 𝛽
𝑛(𝑋0 −𝑚) +∑𝛽𝑘

𝑛−1

𝑘=0

𝜉𝑛−𝑘                                   (14) 

Taking into account that variables 𝑋0 and 𝜉𝑛 are independent, we obtain 

from (11)  

  𝐸|𝑋𝑛 −𝑚|
2 → 𝜎2∑𝛽2𝑘 =

𝜎2

1 − 𝛽2
                                      (15)

∞

𝑘=0

 

Then, by Markov`s inequality 

𝑃(|𝑋𝑛| > 𝑛𝜀) ≤
𝐸𝑋𝑛

2

𝑛2𝜀2
                                                  (16) 

It follows from (12) that 𝐸𝑋𝑛
2 = 𝑂(1). 

Thus, from (13), we have  

.
𝑋𝑛
𝑛

𝑃
→0        𝑎𝑠 𝑛 → ∞                                                   (17) 

İt follows from (17) , (13) , (12) and (11) that (10) holds. 

Note that , if  
𝑋𝑛

𝑛

𝑎.𝑠
→ 0    𝑎𝑠 𝑛 → ∞ from (11) follows (3). 

 

3. Conclusion 

In this paper, we consider the family of first passage times  for a parabolic 

boundary by a Markov random walk, defined by the sums of a first-order 

autoregressive (AR(1)) process. The strong law of large numbers is proved for this 

family of the first passage times. 
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